Functional Bell inequalities can serve as a stronger entanglement witness by De, A S et al.


























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































2be reproduced in a local hidden variable theory. A local
hidden variable correlation in the present scenario must






















; ) is the predetermined measurement-result




) corresponding to the hidden
variable .





















































i  B; (7)









, indicating that the correlations in
the state %
N
are of a dierent character than in any local
realistic theory. We then could say that the state %
N
violates the \functional" Bell inequality (7), as this Bell
inequality is expressed in terms of a typical scalar product
for square integrable functions. Note that the value of the
product depends on a continuous range of parameters (of
the measuring apparatuses) at each site.
Let us rst consider the case of generalized GHZ states
j 
N
i given by (1), and experiments in which each ob-






























of local parameters at the nth site is
just the single parameter 
n
here.
With the notations introduced before, one can nd
that the correlation function E
QM
for the generalised
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Suppose we want to reproduce this correlation function
by local hidden variables. The corresponding correlation










; ) = 1.
Dening the inner product between (the real-valued
functions) f(
1
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N
) by



























































































is less than or equal to 4
N
(see eqns. (20-23) of Ref.




























So whenever eq. (11) is satised, the generalised GHZ
state j 
N
i violates the functional Bell inequality. Using
the WWWZB Bell inequalities [4] for two settings per ob-





for odd N [10, 11], and for even N violation is obtained




















2 which holds for all N  4. Therefore
the functional Bell inequality shows a better range of vi-
olation for odd N  5. And the dierence between the
two limits of  (for the standard Bell inequalities and
the functional Bell inequality) grows with N . The region
of violation covers the whole range of  as N ! 1 as
in Ref. [11]. However, note that the functional inequal-
ity is less restrictive in the case of N even. Perhaps in
this case a dierent version of such an inequality must be
used. We leave this question open.
Note that we only consider here violations of the in-
equality with all the N parties separated and without
postselection. The state j 
N
i is just sin j00i+cos j11i
in any bipartite cut with all the parties on any side of the
cut being together. Such a bipartite entangled state al-
ways violate a Bell inequality [9]. Also, allowing postse-
lection would always result in a Bell violation as shown by
Popescu and Rohrlich [24]. Similar result can be shown
using numerical approach [25].
We now go over to our second example of states given
by (2). Dur [21] obtained the following interesting result
3in the multi-qubit case. The state 
N
of eq.(2) is PPT
[16] in all 1 : N   1 party cuts. A bipartite state 
AB
which is PPT can be either bound entangled or separa-
ble [15, 17]. If the state has negative partial transposition
[16], it is always entangled [17]. The state 
N
has a neg-
ative partial transpose for all 2 : N   2 party cuts for
N  4. Consequently the state 
N
(for N  4) is a
bound entangled state as long as all the parties are sep-
arated. Nevertheless, Dur [21] showed that such states
violate Mermin-Klyshko inequalities [3], with the allowed




at all the N loca-
tions (i.e. for the type given by our (8)), for N  8. In-
terestingly, Acn [26] showed that if a state violates the
Mermin-Klyshko inequality, it would be possible to cre-
ate a maximally entangled state in at least one bipartite
cut. Further results were obtained in Ref. [27].
In the case of states given by (2), again we allow each













































































for N  6 irrespective of the value
of the parameter 
N
. Thus the state 
N
violates the




We have considered in this paper, a Bell inequality
which seems to be eective when the standard Bell in-
equalities are not. Contrary to the standard ones, this
Bell inequality is for a continuous range of settings of
the apparatus at each site. We have shown that this







(with N separated parties
without postselection) for a larger range of the parame-
ter  (for odd N  5) than by any of the standard Bell
inequalities. Further a 6-qubit one-parameter family of
bound entangled states is shown to violate this inequality.
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